We study the electronic contribution to the thermal conductivity and the thermopower of Weyl and Dirac semimetals using a semiclassical Boltzmann approach. We investigate the effect of various relaxation processes including disorder and interactions on the thermoelectric properties, and also consider doping away from the Weyl or Dirac point. We find that the thermal conductivity and thermopower have an interesting dependence on the chemical potential that is characteristic of the linear electronic dispersion, and that the electron-electron interactions modify the Lorenz number. For the interacting system, we also use the Kubo formalism to obtain the transport coefficients. We find exact agreement between the Kubo and Boltzmann approaches at high temperatures. We also consider the effect of electric and magnetic fields on the thermal conductivity in various orientations with respect to the temperature gradient. Notably, when the temperature gradient and magnetic field are parallel, we find a large contribution to the longitudinal thermal conductivity that is quadratic in the magnetic field strength, similar to the magnetic field dependence of the longitudinal electrical conductivity due to the presence of the chiral anomaly when no thermal gradient is present.
I. INTRODUCTION
Dirac and Weyl semimetals have enjoyed a surge of interest since the prediction of their existence at the phase transition between a three-dimensional topological insulator 1 and a normal insulator, 2 and in pyrochlore iridates, 3 respectively. Dirac (Weyl) semimetals have linearly dispersing excitations [which obey the Dirac (Weyl) equation] from degenerate band touching points referred to as Dirac (Weyl) nodes. The electronic states around the band degeneracy points possess a nonzero Berry curvature, 4 which gives rise to non-trivial momentum space topology. Weyl nodes are separated in momentum space, always come in pairs of opposite chirality, 5 and act like a magnetic monopole in momentum space with quantized Berry flux. Because the two touching bands band must be expressed locally in momentum space in terms of the complete basis of Pauli matrices, there is no perturbation that can be added to open a gap -the momentum space location of the Weyl point only shifts slightly, leading to a "topologically protected" metallic phase. Dirac semimetals can be thought of as two Weyl nodes of different chirality not separated in momentum space. Dirac points can be protected by symmetry, but are generally unstable compared to the Weyl semimetal. 6 Other topological aspects of Weyl semimetals include the chiral (or Adler-Bell-Jackiw) anomaly, 7, 8 chiral magnetic effect, 9, 10 and edge states referred to as Fermi arcs. 3, [11] [12] [13] [14] [15] We now briefly describe these topological effects. When parallel electric and magnetic fields are applied, the axial current (difference between currents of different chirality) is not conserved. The chiral anomaly is the mathematical statement that the number of particles with a given chirality is not conserved. Recent attempts to find a theoretical description of an experimental smoking gun signature of the chiral anomaly include predictions for optical phenomena, [16] [17] [18] [19] [20] density response, 21 electromagnetic response, 22 and non-local transport. 23 If a pair of Weyl nodes have band touching points at different energies, a chiral magnetic effect -the separation of electric charge along the direction of an external magnetic fieldoccurs. 9, 10 One interesting application of the chiral magnetic effect is chiral electronics, which refers to circuits with elements that take advantage of the chiral current that arises due to the external magnetic field. 24 Such systems have been proposed as quantum amplifiers of magnetic fields. Finally, Weyl semimetals possess Fermi arcs on certain physical edges of a crystal 13 that can give rise to novel structure in Friedel oscillations in thin-film systems. 11, 14 For an overview of the physics of Weyl semimetals from a condensed matter perspective, see the reviews by Turner and Vishwanath, 25 and Hosur and Qi. 26 There is compelling experimental evidence for the Dirac semimetal phase in Na 3 Bi, 27, 28 and Cd 3 As 2 . [29] [30] [31] [32] Numerical calculations predict the phase also to occur in A 3 Bi, where A = K, Rb, 33 and in BiO 2 . 6 Starting from a Dirac semimetal, it is possible to obtain a Weyl semimetal phase by breaking time reversal or inversion symmetry. 31, [34] [35] [36] The Weyl semimetal phase has also been predicted to appear in a wide range of materials in addition to the previously mentioned pyrochlore iridates. 3, [37] [38] [39] [40] These include: stacked layers of three dimensional topological insulators and normal insulators, 41 ferromagnetic compounds such as HgCr 2 Se 4 , 42 Hg 1−x−y Cd x Mn y Te wells, 43 gyroid photonic crystals, 44 orbital-selective superlattices, 45 optical lattices, 46 and Fulde-Ferrell superfluids. 47 Interesting phases that can be induced from Weyl semimetals by interactions include excitonic phases, 48 superconductivity, 49, 50 spin density waves, 51 charge density waves and axion strings. 52 Other phases closely related to Weyl semimetals include the linenode semimetal, 53 Weyl superconductors, 54 Weyl semimetals with Z 2 topological charge, 55 and fractionalized Weyl semimetals. 56 There has been much work on the electrical transport properties of Dirac and Weyl semimetals, 5, 53, [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] [71] [72] with a particular focus on the case when the Fermi energy lies at the Dirac or Weyl node. One of the possible fingerprints of the chiral anomaly, first pointed out by Nielsen and Ninomiya, 5 is negative longitudinal magnetoresistance (decreasing longitudinal resistance with increasing magnetic field). Negative magne-toresistance has already been observed in a Dirac semimetal with broken time reversal symmetry, suggesting a possible Weyl semimetal phase. 73 Another interesting transport feature of Weyl semimetals is that the anomalous Hall conductivity depends linearly on the distance in momentum space between Weyl nodes, 41 whereas it vanishes for Dirac semimetals.
In this paper we investigate the electronic contribution to the thermal conductivity and thermopower of Dirac and Weyl semimetals. We use the Boltzmann equation to analytically calculate the thermoelectric coefficients for various relaxation processes including short-range disorder, scattering off charged impurities, which also change the Fermi energy of the system, and electron-electron interactions. For electrical transport in Weyl semimetals, the Boltzmann approach equation is in good agreement with other theoretical approaches such the Kubo formula and the quantum Boltzmann equation. For example, (ignoring rare region effects 72 ) the Boltzmann equation and the Kubo formula give the same result for the electrical conductivity in disordered systems in the dc limit. 53, 59 Furthermore, the Boltzmann equation gives exactly the same rate of change of the number of particles of a given chirality as relativistic quantum field theories. 74 A Boltzmann equation approach has also proved useful for understanding transport in graphene, 75 which may serve as a two-dimensional analog, in some respects, to a Weyl or Dirac semimetal.
For the relaxation processes we considered, there is an interesting dependence of the thermal conductivity and thermopower on the Fermi level due to the relativistic dispersion relation. These results are summarized in Table I . When the relaxation processes are dominated by interactions, we also find an interesting quadratic temperature dependence for the thermal conductivity compared to a linear temperature dependence when scattering is dominated by charged impurities or disorder. We also investigate the effect of electric and magnetic fields on the thermoelectric coefficients. In the absence of an electric field, we find that for a magnetic field perpendicular to the temperature gradient the transverse thermal conductivity is linear in magnetic field strength (for small fields) and the longitudinal thermal conductivity has a quadratic field dependence that decreases the magnitude of the thermal conductivity. When the magnetic field is parallel to the temperature gradient we find a quadratic magnetic field dependence for the longitudinal thermal conductivity that increases its magnitude and zero transverse thermal conductivity. When electric fields are present, we find no additional transport terms compared to all situations in which it is zero (essentially resulting from the assumption of linear response), due to the cancellation of terms with different chirality. The results for the thermal conductivity in the presence of electric and magnetic fields is summarized in Table II and should be helpful in identifying three-dimensional systems with Dirac and Weyl points. We also calculate thermoelectric coefficients via the Kubo formula and compare our results obtained from the Boltzmann equation and find exact agreement between the two approaches at high temperatures.
Our paper is organized as follows. In Sec. II, we solve the Boltzmann equation to obtain transport coefficients for various relaxation processes including electron-electron interactions, charged impurities which also change the Fermi energy, and short-range disorder. In Sec. III, we investigate the effect of electric and magnetic fields on thermoelectric transport properties. In Sec. IV, for the case of interacting electrons, we use the Kubo formula to calculate thermoelectric transport coefficients and compare to results obtained from the semiclassical approach. Finally, in Sec. V, we present the main conclusions of our paper. A few technical results are relegated to the appendices.
II. THERMOELECTRIC TRANSPORT COEFFICIENTS

A. Formalism and Anomalous Transport
In this section we investigate the electronic contributions to the thermal conductivity and thermopower in the absence of a magnetic field of a single Weyl node, with a given chirality, described by the following Hamiltonian
where χ is the chirality that takes values of ± 1, v f is the Fermi velocity, σ = {σ x , σ y , σ z } is a vector of Pauli matrices, and k is the wavevector. Our fundamental physical conclusions are not changed if the velocity is different in different directions, though asymmetric transport properties will result. To generalize to an arbitrary number of Weyl nodes, one simply adds the conductivity for each node together, provided one is able to ignore inter-node scattering which may open a gap. 72 If the Fourier component of the scattering potential is "small" at the wave vector connecting the nodes, this can be safely done. While disorder may gap a Dirac node (two Weyl nodes "on top" of each other), if the Fermi energy is larger than the gap induced in the node the system will remain metallic with an approximately linear dispersion. We will assume this is the case throughout this work. For relaxation through electronelectron interactions, zero wave vector scattering is insensitive to chirality 59 and as such, our results for electron-electron interactions apply to both Dirac and Weyl semimetals. To obtain the thermoelectric coefficients for a single Dirac node, one must add the results of two Weyl nodes with opposite chirality together.
In our work, we ignore contributions to the thermoelectric coefficients from phonons, which are expected to dominate thermal transport at high enough temperatures. In this situation, one would add the phonon (or even magnon) contributions to the electronic one to find the total thermal conductivity. Electron-phonon interactions can also have interesting effects, such as leading to the appearance of a Weyl semimetal at non-zero temperatures from material that is an insulator at zero temperature. 76 Such details are more system-specific than we wish to be here, so we leave a consideration of these effects to other work.
We now introduce the formalism for our semi-classical Boltzmann equation approach. In terms of the notation of Refs. [77] and [78] , the electrical current for a given chirality χ of a single Weyl node is
where e is the electrical charge, is Planck's constant divided by 2π, µ is the chemical potential, ǫ = v f k is the dispersion for quasiparticles with wavenumber k, v = ∇ k ǫ is the semiclassical velocity, E is the electric field, β = 1 k B T , where k B is the Boltzmann constant and T is the temperature, f eq is the Fermi-Dirac distribution, and f χ is the quantum distribution function of the system that must be computed from the Boltzmann equation given below.
k is the Berry connection with the Bloch eigenstate |u χ k . The Berry curvature is proportional to χ, so carries an opposite sign for Weyl nodes of opposite chirality and is therefore zero for a Dirac node. For simplicity, the chemical potential is assumed to be the same for all nodes.
The second term in Eq. (2) gives rise to the anomalous Nernst effect (non-zero transverse electric field in the absence of a magnetic field) and arises due to the finite spread of the wave packet. 78 From Refs. [77] , [78] and [79] , the thermal current is
where 3 f ǫ v is the energy current. The first term is the standard expression for energy current in the absence of Berry curvature. 77 As before, the second term in Eq. (3) arises from the finite size spread of the wave-packet and gives rise to a transverse thermal current from the external electric field due to Berry curvature. 78 The last term in Eq. (3) gives rise to the anomalous thermal Hall effect (transverse thermal current from thermal gradient due to Berry curvature). 79 Alternatively, one could obtain these results by adding a pseudo-gravitational potential which acts like a temperature gradient. 79, 80 We obtain f χ by solving the Boltzmann equation, 77 which is given by (in the absence of magnetic fields, which will be treated later)
where I χ coll is the collision integral at the Weyl node with chirality χ. The temperature gradient and electric field are taken to be in the x-direction, which allows us to drop the E × Ω χ term. We solve the Boltzmann equation, via the relaxation time approximation, 77 in which case the collision integral takes the form I
τ , where τ(k) is the intra-node scattering time. Following Ref. [77] , we assume the following steady-state solution for the distribution function
valid in the linear response regime. From there, we can write
where α and β are spatial indices running over x, y, z, and the set of L are the transport coefficients we are interested in obtaining. We will focus on longitudinal transport first, i.e., α = β. For transport along the electric field and thermal gradient (for simplicity, we assume a uniform temperature gradient and electric field), we have L
where
where g(ǫ) is the density of states, which (for Weyl and Dirac semimetals when multiplied by a factor of 2) is given by
and v x is given by
With knowledge of the L α , we can calculate the thermal conductivity (defined when no electrical current flows) as
and the Seebeck coefficient (or thermopower), which is given by
This approach is valid as long as the quasiparticle energy is much greater than the scattering rate. Longitudinal transport, in the absence of a magnetic field, is independent of the chirality since the χ dependence drops out of Eq. (8) .
Before moving on to specific forms of the scattering time, we briefly review results on transport transverse to the electric field and temperature gradient. The presence of Berry curvature introduces anomalous transport, i.e. transport in the transverse direction of the electric field and/or temperature gradient. For anomalous transport at low temperatures we have, from Ref. [78] and Ref. [79] ,
and
where α is either in the y or z direction and ε is the LeviCivita symbol. Einstein summation is assumed. As we see, anomalous transport is determined only by the Berry curvature and band structure, as opposed to longitudinal transport which depends crucially on the details of the relaxation process. The anomalous transport coefficients obey the Mott relation
∂µ , and the Wiedemann-Franz law,
, at low temperatures. 78, 79 The anomalous electrical conductivity in Weyl semimetals when the Fermi energy is at the Weyl nodes has been studied in Ref. [41] and was found to be
where ∆k l is the distance in momentum space between Weyl nodes in the lth direction. This is because two-dimensional slices of Brillouin zone perpendicular to the direction between Weyl nodes are two-dimensional Chern insulators, which exhibit a quantized Hall effect. 41 In between these Weyl nodes, the two-dimensional slices of the Brillouin zone have nontrivial Chern number. Adding up the transverse conductivity of each slice gives Eq. (16) . When the Fermi energy is away from the Weyl nodes, the same results hold. 81, 82 Using the Mott relation and the Wiedemann-Franz law, we obtain
To our knowledge, Eq. (17) 
B. Charged Impurities
We first calculate the transport coefficients for scattering off charged impurities, which lead to dopants in the band structure and move the Fermi level away from the nodal point. The transport time was computed in the first Born approximation in the work of Burkov, Hook, and Balents (BHB). 53 They used a screened Coulomb potential given by
is the Thomas-Fermi wave vector and ǫ d is the background dielectric constant. We note that a more accurate dielectric function with logarithmic corrections has been worked out in Ref. [83] by evaluating the polarization bubble. However, in the following we will neglect those corrections. BHB found the scattering time to be
where n i is the density of charged impurities and
and is the ratio of Coulomb (potential) energy to kinetic energy. We assume the charged impurities act as donors, so that ǫ f ∝ v f n 1/3 i . f (α) arises from using Fermi's golden rule to calculate the transport time. Physically it measures the strength of the interaction between electrons and the charge impurities. Our approach is valid when f (α) and α is small (which is simply the condition that the inverse transport time be less then the Fermi energy) and n i > 0. In the limit of small α, f (α) ≈ (20) as the scattering time, and evaluating the integral in Eq. (8) (e.g. using the Sommerfeld expansion), we find
keeping only the lowest correction to S and κ xx . When k B T ≪ ǫ f , the Wiedemann-Franz law holds.
C. Electron-Electron Interactions
If the concentration of charged impurities approaches zero, the Fermi energy will approach the Weyl node. In this limit, we no longer expect scattering off charged impurities to dominate the transport properties due to absence of charged impurities to scatter electrons. At neutrality (and assuming there are no impurities present to dope the system), one instead expects electron-electron interactions to dominate relaxation processes due to the weak screening of the Coulomb interaction near the Fermi point, similar to graphene. 84 This situation is in contrast to normal metals, i.e. Fermi liquids, where electron-electron interactions do not provide an efficient relaxation method even if they are strong. 77 Near a Weyl point the only energy scale is the temperature, so the self energy is expected to be proportional to the temperature. 53, 59 Thus, as pointed out in Ref. [59] and by BHB, the inverse scattering time for electron-electron interactions (when 0 ≤ µ < k B T ) is (up to log corrections),
where A is a proportionality constant. Using Eq. (27) as the scattering time, and evaluating the integral in Eq. (8), we find
Again we keep only the lowest correction to S and κ xx . When interactions dominate transport, the Wiedemann-Franz law is modified and we have (for
which amounts to a change in the numerical prefactor. A similar modification of the Wiedemann-Franz law occurs in graphene, where it has recently been experimentally verified. 85 In Fermi liquids, however, interactions do not change the value of the prefactor. 86 We also note that the exact ratio of thermal conductivity and electrical conductivity is hard to experimentally determine due to the contact resistance.
D. Short-Range Disorder
We finish with the case of short range disorder, which is less realistic for Weyl and Dirac semimetals because the relatively poor screening of charged impurities (the most likely type) will lead to longer-range potentials. Nevertheless, it is useful to investigate the predictions for the thermal properties in this case for purposes of comparison. We ignore rare region effects, 72 which give rise to a exponentially small density of states at the Weyl node. Again, the scattering time was calculated in the first Born approximation, which is valid for weak disorder, by BHB using the following short range potential for disorder
where r a label the impurity positions and u 0 is the strength of the zero-range impurity potential. BHB found the scattering time to be given by
where γ = u 2 0 n d and n d is the concentration of impurities. One expects disorder to dominate near the Weyl point, at high temperatures, in which case the energy ǫ = k B T . Since the total scattering rate goes as 1/τ total = 1/τ e−e + 1/τ disorder , the condition for disorder to dominate the relaxation process is 1/τ disorder ≫ 1/τ e−e , or
Note that L 12 xx and the thermopower S are zero due to the integrand in Eq. (8) being odd. We stress that this is a consequnce of using the first Born approximation, not a physical result. In the appendix, we use the results of Ref. [87] from the selfconsistent Born approximation to estimate the lowest order corrections to the scattering time and find
Evaluating the integral in Eq. (8) for these corrections, we find
to lowest order in disorder strength. As in the case of relaxation due to charged impurities, the Wiedemann-Franz law holds for relaxation due to weak short-range disorder.
Charged Impurities 
E. Comparison of Results
Before studying the effect of magnetic and electric fields on the thermal transport, we briefly compare our zero-field results to each other and contrast our results with other phases of matter that do not possess the three-dimensional linear dispersion. First, the temperature dependence of the thermal conductivity and thermopower can be the same with respect to different scattering processes (for
As an explicit example of this, we see that the thermal conductivity due to scattering off charged impurities have the same linear temperature dependence as scattering off short-range disorder. However, for scattering rates that are independent of the temperature, most common band structures, including quadratic band structures, will have the same linear temperature dependence, so this feature does not serve as an identifier of a Weyl or Dirac semimetal. 77 Experimentally investigating the transport coefficients as a function of the Fermi energy (perhaps through gating a sample), would provide a clearer experimental signature of the Dirac or Weyl semimetal, compared to measuring the temperature dependence. Measuring just the longitudinal thermoelectric coefficients, would not allow one to distinguish between a Weyl or Dirac semimetal. We note that the quadratic temperature dependence of thermal conductivity is interesting when electron-electron interaction dominate relaxation processes since the scattering time then depends on the temperature. One experimental feature to look for in a threedimensional system with linear electronic dispersion would be a crossover in the temperature dependence of the thermal conductivity from quadratic to linear upon adding/removing charged impurities (dopants) or disorder.
Of course, in real materials transport will be determined by a mix of all scattering processes, and we expect Matthiessen's rule, 1/τ total = i 1/τ i where τ i are the rates from different scattering processes, to apply, 77 assuming these scattering processes can be treated as independent. We now discuss the regimes of validity for each scattering process. We begin with a clean Weyl semimetal with the Fermi level at the Weyl node, in which case the transport is determined by electron-electron interactions. We then imagine adding charged impurities, which change the Fermi energy. We can find the condition for scattering off charged impurities to dominate transport due to electron-electron interactions by comparing inverse scattering rates (assuming a Fermi energy away from the nodal point):
≪ 1, which occurs at low temperatures. We now imagine adding short-range (uncharged) disorder to the system. Again comparing inverse scattering rates, scattering from short range impurities will dominate transport when τ disorder /τ e−e ≪ 1 and when τ disorder /τ screened ≪ 1. This requires high enough temperatures to neglect electron-electron scattering, but also the condition Table I .
III. THERMOELECTRIC TRANSPORT COEFFICIENTS IN ELECTRIC AND MAGNETIC FIELDS
In the presence of magnetic and electric fields, transport properties acquire modifications due to the Berry phase. 88 A modified Boltzmann equation, which takes into account the chiral anomaly has been developed in several recent works. 74, [89] [90] [91] The chiral anomaly can be derived in several ways, including from the four-dimensional quantum Hall effect. 92 It can be treated mathematically by explicitly inserting a space-time dependent θ-term in the action that couples electric and magnetic fields. 93 The Boltzmann equation for a single Weyl node (for a given chirality) is given by
where the modified semiclassical equations of motion are
where B is the magnetic field and c is the speed of light. Plugging the modified semiclassical equations of motion (which include the Berry phases associated with the Weyl points) in the Boltzmann equation and using the relaxation time approximation for the collision integral, I
, where τ s is inter-node scattering time and τ is the intra-node scattering time as before, gives
For simplicity, we neglect internode scattering, i.e. τ s → ∞, and treat the intranode scattering time τ as a phenomenological parameter. We limit ourselves to two Weyl nodes, but it is a straightforward generalization to more nodes, as the nodes contribute additively. The additive effect when a magnetic field is present, is the cancellation of some terms due to opposite chirality. The magnetic field modifies the distance and direction between Weyl nodes, and the Berry curvature is proportional to
where g is the Landé g-factor and p = k is the quasiparticle momentum. This approach is valid when the Fermi energy lies away from the Weyl node, µ ≫ k B T , and µ > ω c , where
cµ is the cyclotron frequency. 94 In the presence of a magnetic field at finite charge density, a Dirac semimetal becomes a Weyl semimetal, 36 thus our approach applies to both Weyl and Dirac semimetals, provided one can ignore inter-node scattering, as we discussed earlier. We now turn to a discussion of a few important special cases of Eq. (47) where the electric and magnetic fields are applied along certain high-symmetry directions.
We now consider the thermoelectric coefficients when the temperature gradient is parallel to the magnetic field and the electric field is zero. In this case, the Boltzmann equation for a given chirality reads
Assuming steady state and linear response, the equation can be written
Following Ref. [94] , we assume the following Ansatz for the distribution function
based off the structure of Eq. (50) and using
∂ǫ . Here Λ χ represents a correction term due to the magnetic field.
Using the condition that the Boltzmann equation must hold for all values of v, we find the corrections Λ χ x = 0 and
We define the electrical current as in Eq. (2) and the heat current as in Eq. (3), where v must now be replaced by 1
where˙ r is the modified semiclassical velocity given in Eq. (45) , in order to take the effects of the chiral anomaly into account. Specializing to transport along the direction of the temperature gradient, we find
which allows us to write down the expressions for L 12 xx and L 22 xx . Discarding the term linear in Ω χ (and hence chirality) since it will vanish when we sum over both nodes, noting Ω χ ∝p ∝v, and using v
To calculate the electronic thermal conductivity, we also need the electrical conductivity σ xx , or in other words L 11 xx . For the case of perpendicular electric and magnetic fields, Ref. [94] found it to be
. (58) by a similar calculation. This can be explicitly seen by setting the temperature gradient to zero in Eq. (75) . Assuming a smoothly varying Berry phase, we can estimate this integral using a series expansion in B. There is a linear term proportional to Ω x , which will vanish in the angular momentum integration, leaving the electrical conductivity for the two Weyl nodes as
so that the magnetic field leads to a positive contribution to the conductivity that goes as the square of the field. Here we have used the fact that Ω ∝ 1 µ 2 . Estimating the other transport coefficients in a similar matter, we can obtain the thermal conductivity, which is written as a tensor
We find the longitudinal thermal conductivity to be
which also has a similar additivity contribution going as the square of the magnetic field. We note the magnetic field dependent correction is independent of the scattering time and temperature. We briefly comment on the transverse thermal transport, κ xy , when the temperature gradient and magnetic field are parallel. As discussed earlier, we expect a term proportional to the distance between Weyl nodes due to the Berry curvature, given by Eq. (18) . For a magnetic field in the x-direction, this term is zero due to the Levi-Civita symbol. As pointed out in Ref. [94] , the contribution from the E · B term to σ xy vanishes due to the cancellation of terms linear in chirality when both Weyl nodes are added together. Thus, we expect the anomalous contribution from the ∇T · B term to vanish for κ xy given the structure of the Boltzmann equation which treats the nodes as independent. This can be seen explicitly from Eqs. (52) and (53) . Thus, in the case of a parallel magnetic field and temperature gradient, κ xy = 0.
We now consider the case where the magnetic field is perpendicular to the temperature gradient, while the electric field is still zero. The steady-state Boltzmann equation for a given chirality (after expanding out the cross product) reads
Following Ref. [94] and the previous section, we assume the following solution for the Boltzmann equation
After some algebra, we find
and Λ χ z = 0. Proceeding as in the previous section, we have
Again, we need the longitudinal electrical conductivity when electric and magnetic fields are perpendicular to find the thermal conductivity. This was also calculated in Ref. [94] , by solving the Boltzmann equation when the electric and magnetic field are perpendicular and found to be
To lowest order in magnetic field and summing over both chiralities, we can estimate the thermal conductivity as
where we see that the thermal conductivity has the same dependence on the magnetic field as the electrical conductivity with perpendicular electric and magnetic fields, 94 but the sign is opposite, which leads to a decrease in the thermal conductivity. The magnetic field dependence of thermal conductivity for perpendicular magnetic field and temperature gradient depends on the specific form of scattering, where as the magnetic field dependence of thermal conductivity when the two fields are parallel does not. We emphasize that the thermal conductivity for perpendicular (parallel) magnetic field and thermal gradient decreases (increases) upon increasing magnetic field. We also note that Eq. (69) is the typical response of a material without Berry curvature and as such, is not unique to Dirac or Weyl semimetals.
We now investigate the transverse thermal transport. The transverse transport coefficients are given by
The last term in Eq. (72) leads to the anomalous thermal Hall effect discussed earlier. To lowest order in magnetic field, we find κ xy for the two nodes to be
where we have used the fact that distance between Weyl nodes is 2gB in Eq. (18) . We have ignored a small correction (for k B T ≪ µ) due to the tensorial structure of the thermal conductivity, Eq. (60), on the order of
. In this case, we see that the anomalous thermal Hall conductivity is non-zero, as opposed to the case when the magnetic field and temperature gradient are parallel. However both terms have the same dependence on magnetic field, and even the same temperature dependence when longitudinal transport is dominated by disorder or charged impurities. Thus, to investigate the dependence of the thermal conductivity on magnetic fields, one could vary the Fermi energy, either by gating or other means. The first term in Eq. (73) does not depend on the Fermi energy, while the second will have some dependence on Fermi energy, the specific form of which depends on the relaxation mechanisms that dominate τ. This feature could in principle be used to extract the first term, the anomalous thermal Hall effect, by identifying the contribution to the transverse thermal conductivity that does not depend on the value of the Fermi energy.
The most interesting case is when both electric and magnetic fields are present, and they are parallel to each other, giving rise to the chiral anomaly and its novel effects. We first consider the case when the temperature gradient is parallel to the fields, in which case the Boltzmann equation in the relaxation time approximation becomes
We find that the corrections Λ χ x = 0 and
Calculating κ xx and κ xy , we find that the presence of the electric field does not change the result previously obtained in Secs. III A and III B, respectively. Physically, this is a result of the terms linear in chirality canceling out when summing over chiralities and the assumption of linear response. Note that, if inter-nodal scattering cannot be neglected, this correction will generally be non-zero, see. Ref. [94] .
When the temperature gradient is perpendicular to the electric and magnetic fields, the Boltzmann equation reads
We assume a solution
It is easy to show that Λ χ z = 0 (again, assuming that internodal scattering can be neglected), but the other two components of Λ are coupled. Following the solution method outlined in Ref. [94] , we find
Substituting this correction back into the ansatz for f , and calculating κ xx and/or κ xy and summing over both chiralities, we find that most terms either cancel from the summation over two Weyl nodes of opposite chirality or vanish due to the angular part of the momentum integration. Keeping only lowest order in B, Eq. (69) is recovered, implying that the chiral anomaly does not have a significant impact on the thermal transport for parallel electric and magnetic fields that are perpendicular to the thermal gradient.
IV. COMPARISONS TO THE KUBO FORMULA
We start with the standard expression for L 22 xx in imaginary time, 95 and closely follow Ref. [59] . For this section we use natural units ( = k B = 1). In terms of current correlation functions, we have for a single Weyl node (note that in this section τ is the imaginary time that appears in the Matsubara formalism)
We are interested in the case when the Fermi energy is at the Weyl node, thus J q,x = J E,x . The current, when µ = 0, is given by
The current is in the same form as the free case because interactions simply renormalize the Fermi velocity. 63 Plugging Eq. (83) into Eq. (82) with q → 0, applying Wicks theorem, and keeping only connected diagrams, we arrive at
Switching to the helical basis and performing the trace, as done in Ref. [59] , we have
Introducing the Fourier transform of the Green's function
and inserting Eq. (86) into Eq. (85) and performing the τ integral, we obtain
After performing the standard Matsubara sum, using rotational symmetry, and analytically continuing to real frequencies, we take the limit as ω → 0 and find
where the Green's function is
Σ is the self-energy, and
Here Λ ∝ T is a large momentum cut-off that needs to be introduced since the integral is divergent as Λ → ∞. The cutoff is proportional the the temperature since it is the only energy scale in the problem. Taking the imaginary part of the Green's function, we find ImG λ (ǫ, k) = ImΣ (ǫ − λv f k − ReΣ) 2 + ImΣ 2 .
As stated before, the real part of the self energy simply renormalizes the Fermi velocity and ImΣ = α 2 T 2 (See Section II C. We have set A = 1 for simplicity). In the limit of large T , we have
Plugging this into Eq. (88), we obtain
This is in exact agreement with the Boltzmann equation result when A, k B , are set to one. We close this section by noting that when the Fermi energy is at the Weyl node, the Kubo formula gives L 12 = 0, in agreement with the Boltzmann equation. Physically, this is due to particle-hole symmetry.
V. CONCLUSIONS
In our work, we have analytically investigated the electronic contribution to the thermoelectric properties of Dirac and Weyl Semimetals via the Boltzmann equation. We considered the cases where transport is relaxed by disorder and electron-electron interactions. We find an interesting dependence of the thermoelectric coefficients on the Fermi energy (i.e. doping away from the Dirac or Weyl point). Notably, in the case of interactions we find that the longitudinal thermal conductivity has an interesting quadratic temperature dependence, in contrast to a linear dependence on the temperature for scattering from charged impurities that dope the system or short-range electrically neutral disorder. A linear temperature dependence of the thermal conductivity is the expected result for a "generic" metallic system (one without Weyl or Dirac points). We stress that in our work we have ignored the contribution from phonons to the thermal conductivity, which are expected to dominate at high enough temperatures. The lattice contributions are less generic than the electronic one, so we leave their study to other work.
We have also considered the effect of electric and magnetic fields on the thermoelectric coefficients. Notably, when the magnetic field and temperature gradient are parallel we find a large positive contribution to the longitudinal thermal conductivity that is quadratic in magnetic field strength, similar to the magnetic field dependence of the longitudinal electrical conductivity due to the presence of the chiral anomaly when there is no thermal gradient present, and their is a vanishing transverse thermal Hall conductivity. When the magnetic field is perpendicular to the temperature gradient, we find that the thermal conductivity is linear in magnetic field strength, and the longitudinal thermal conductivity picks up a negative contribution that goes as the square of the magnetic field. The presence of electric fields does not change these results under the assumption of no inter-node scattering. We also calculated the thermal conductivity via the Kubo formula for the case of interactions and find exact agreement with our Boltzmann equation results at high temperatures. Taken together, our theoretical results provide some concrete experimental tests that can be usefully applied in the search for three-dimensional systems with a linear electron dispersion. Our main results are summarized in Table I and Table II of the main text. We note that it would be interesting to study the effect of system size and the contribution from Fermi arcs, as recently edge states and tuning the system sizes have been shown to improve thermoelectric performance in topological insulators. 96 It would also be worthwhile to investigate the effects of relaxation via a slow imbalance of carriers as was done in graphene. 97 We hope our paper motivates the experimental study of the thermoelectric properties of Dirac and Weyl semimetals, as well as further theoretical work on the subject.
